Successive phase transitions in the mixecl crystal with perovskite structure (1-x) ABO a +xA'B'O, are discussed on a phenomenological basis. After a short review on the experimental facts, a simple scheme is proposed to predict the phase diagrams of mixed crystals when the model parameters of constituent substances are known. It is shown that the applications of the present scheme to (Ba,_xPbx) TiOa, (Ba,_xSrx) TiOa and Ba (Ti,_xHfx) Oa yield the results which are in good accord with experiments. § 1. Introduction
In spite of their similarity in crystal structure, many perov skite-type oxides manifest a variety of structural phase transitions, varying in wide ranges. For instance, a ferroelectric crystal BaTi03 undergoes a phase transition at 120oC from the paraelectric to ferroelectric phase, and further at OoC and -SO"C the direction of the spontaneous polarization changes from [100] to [110] and then to [111] respecti~-ely.
Thus BaTi03 changes its crystal symmetry from cubic to tetragonal, orthorhombic and rhombohedral at respective temperatures. On the other hand, PbTi0 3 manifests only one phase transition from the para (cubic) to ferroelectric (tetragonal) phase with the spontaneous polarization along [100] at 493°C. A similar substance SrTi03 never becomes ferroelectric although it has very high dielectric constant at lovv temperatures and at 110oK undergoes a distortive phase transition in which the spontaneous anti-phase rotation of oxygen octahedra takes place. PbZr03 is knovvn as a typical antiferroelectric substance.v So far we have no systematic and unified theory to interpret such wide vaneties of phase transitions in the substances with a common perovskite structure:
V>l e have to understand from the microscopic point of view what the origin of yarious kinds of phase transitions is and what causes the differences in the successive transitions. We also need a theory to predict what properties of the constituent atoms make differences in phase transitions from one substance to others.
In order to gain a better understanding of the complex phase transitions in the perovskite-type oxides, many experiments on mixed crystals (1--x) AB03
+xA'B'03 have been already accumulated.') Downloaded from https://academic.oup.com/ptp/article-abstract/64/2/380/1869339 by guest on 18 December 2018 However, to extract any valuable information from the accmnulated expenmental data, it is necessary at least to have a clear-cut phenomenological theory to interpret the complex phenomena taking place in the mixed crystals and to coorcliua te them in a well-ordered form.
The main purpuse of this paper is to undertake such a task, providing us with a theoretical starting point to go deep into the microscopic approach to the theory of successiYe phase transitions in perovskite-type oxides.
In § 2 a short review on the experimental facts of mixed perovskite-type oxides is givcl", in which a classification of various binary mixed crystals into several groups is m0de according to the nature of phase transition. In § 3 Devonshire's phenomenological theory is re-formulated so that it may be applied conveniently to the mixed CTystals. A simple and useful scheme is proposed to predict the phase diagram:> of mixed crystals from the knowledge of the model parameters of constituent substances. In § 4 the formulation developed in § :3 is applied to the C<lse of (Ba,_.J'b,.) Ti03 and the theoretical prediction is compared with experiments. In § 5 further applications arc made to other cases such as (Ba1_x Sr,) Ti03 and Ba (Ti1 .. ,.Hfx) 0 3 together with comparison between the theoretical results and observed data. The last section is devoted to summary and cliscusswn. § 2. A short review on experim.ental facts As shown in Fig. 1 , the crystal structure of perovskite-type oxide ABO, may be considered to be composed of two parts: A simple cubic lattice of A-atoms and the three dimensional net vvorks of oxygen octahedron vvhich includes a B-atom in its center and shares its corners with s1x neighbouring octahedra. Therefore we can imagine the following three cases of binary mixture of ABO, type substances: 
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(II) ferroelectrics + paraelectrics, (III) antiferroelectrics + paraelectrics, (IV) ferroelectrics + antiferroelectrics.
As seen from the following experimental examples, the cases (B) and (IV) are generally much complicated in the sense that they show most complex phase diagrams in the temperature-composition plane. This is understandable because both the cases (B) and (IV) would correspond to the combination of two substances with quite different characters. Among the accumulated experimental data, let us pick out and demonstrate some typical examples according to the above classifications. First we present a list of the main perovskite-type oxides along with their existing dielectric phases in Fig. 2 . This list will serve as a guiding chart to select the constituent substances in making a desired binary mixed crystal. 
The case (AI)
The most interesting combination in this class will be (Ba1 _x.Pbx) Ti03, and its phase diagram is shown in Fig. 3. 2 ) It should be noted that the orthorhombic and rhombohedral phases of BaTi03 rapidly disappear on addition of PbTi03• The case (BI) or (BII)
There appear similar and very characteristic phase diagrams in Ba (Ti1_xHfx) 0 3 (Fig. 4) , 3 ) Ba (Ti1_.rSnr) 0 3 ( Fig. 5 ) 1 J and Ba (Ti1_xZrx) 0 3 (Fig. 6 ). ol In these cases, the tetragonal and orthorhombic phases of BaTi03 are quickly replaced by the rhombohedral phase when the partner substances are added. Since the properties of all the partner substances, BaHf03, BaSn03 and BaZr03, are not well 
1S
. knovvn yet, these cases might correspond to the case (BII) rather than (BI) 111 the strict sense.
The case (CI) We show here m Fig. 7 a typical example of phase diagram for (1-x) BaTi03 +xKNb03• 6 l It is interesting to note that the BaTi03-rich region behaves sin:tilarly to the case (BI) above, vvhile the KNb03-rich region to the case (Ali).
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The case (AII)
We can choose three examples in this class which show different behaviours:
(Ba1 _xCax) Ti03,n (Ba1_.rSrx) Ti03,SJ and (Sr1 _."Pbx) Ti03. 9 J Figure 8 shows the case of (Ba1_xSrx) Ti03•
The case (AIII)
A typical antiferroelectric crystal PbZr03 is mixed with three paraelectric crystals CaZr03, 10 J SrZr0 3 11 J and BaZr03• 12 > At the whole range of temperatures, CaZr03 is orthorhombic and both SrZr03 and BaZr03 are cubic. The phase diaagrams of these mixed crystals are much complicated and w·ill not be shown here. A general trend seen in these phase diagrams is that the antiferroelectric phase in PbZr03 is quite unstable against the addition of small amount of paraelectric substances.
The case (AIV)
From Fig. 2 vve note that NaNb03 has an antiferroelectric orthorhombic phase for T<630"K, while KNb03 has three ferroelectric phases very similar to those of BaTi03• Now the phase diagram of mixed crystal (Na1_xKx) Nb03 are shown in Fig. 9 . 13 l,Hl This clearly demonstrates how an antiferroelectric phase is unstable against the addition of a ferroelectric substance in the (A) type mi"turc.
Th case (BIV)
The mixed crystal Pb (Zr1 _,Tix) 0 3 provides us with an interesting example of this class, because PbZr03 is a typical antiferroelectric crystal with a single ordered phase, whereas PbTi03 is also a single phase ferroelectric crys1al. The phase diagrams of Pb (Zr1 _, Tix) 0 3 are shown in Fig. 10 . 16 ) It is observed that within a very narrow T-x region a new antiferroelectric phase ~l_, appears, and that the tetragonal ferroelectric phase FFI is replaced by a rhombohedral ferroelectric phase Fa in PbZrO,-rich region. 
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There are many other experimental reports which are generally complicated and not systematically understood. Even within the examples presented above, it is not an easy task to find out some rule or principle to predict the possible phases in a mixed crystal from the information of the constituent substances.
Therefore, in what follows we shall start with a phenomenological approach for the simplest cases of (AI) type, and try to extend the method to more complicated cases. § 3. Phenomenological theory Following Devonshire, 16 ) we consider the Gibbs free energy of the following form to treat the phase transitions in the perovskite-type oxide AB03 : (3 ·1) where LiG is the increment of free energy clue to the presence of the polarization Pi, X a parameter strongly temperature-dependent, and generally ~11 <O and (>O. Strictly speaking, there are many other terms of six-th order in Pi, for instances, such as P/P/ or P/P2 2 P3 2 • However, since they do not seem to produce any essential change, we adopt a simplified form in (3 ·1).
From the thermodynamical equilibrium condition iY(LiG)jiYP;=O,
we have and two other similar equations. It is readily verified that a set of possible solutions of these equations for Pi are of the following four types:
The m1mmum values of LJG corresponding to these solutions are given respectively by (a= C, T, 0, R) become absolute mmrmum. We suppose that such an analysis based on (3 · 3) and (3 · 4) would have been carried out so far many times since Devonshire, but so long as the present authors are aware, no general, systematic and analytical study of this problem has been published in the literature. The aim of this pape1· is to explore the above conditions in neat forms and apply them to the mixed crystals. ) with a parameter t, and insert a root of (3 · 5) into an expressiOn (3 ·6) to obtain the free energy expressed as a function of t, <, " and X· In this way we have after some manipulation where and L1Gc=0,
It is more convenient, however, to express these free energies 1n dimensionless forms by re-defining jJ in (3 · 7 c) as (3 ·8) and introducing a new parameter 
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Then it can be easily verified that (3 · 7a) are rewritten as It 1s usually assumed that X is a linear function of temperature:
Therefore jJ is a parameter acting as temperature, and for giVen r, a solution for P of any one of equations given in (:3 ·11) or (3 ·12) determines the corresponding transition point.
It is quite easy to find out the transition lines on P-r plane for the cases of (3 ·11) : Vv e can show that The cases of U3·12) yield the equations quartic in p including rasa parameter.
By solving for P numerically for a given r, we can derive the T-0, T-R and 0-R Suppose that for a given composition x the P-r relation for a mixed crystal gives a line CD in Fig. 12 . Then as temperature is varied :from high to low temperature side, a phase point will move along CD, giving rise to the successive phase transitions C->T-~0->R at certain temperatures. Now for another value of x, we should have a different P-r relation, say as the line AB. In this case
we may expect that all the three ferroelectric phases are widen in their regions on the jJ-r plane as x is changed. Since the temperature is bounded from below (at absolute zero), the parameter jJ is also bounded. Therefore it is quite possible that the lines AB or CD terminate at a certain point so that all the ferroelectric phases are not always realized, but only a few, say for instance solely the tetragonal phase appears before the temperature reaches absolute zero. (This is the case of 
(4 ·1)
In order to apply these values, however, we must pay attention to the fact that this set of parameters is not consistent with our theory in the sense that they do not give us a required relation P = 3/8 at T= Tc. Thus we have to change some of the parameters given in ( 4 ·1) : We employ X and fu as they are in ( 4 ·1), but modify ( so that P=3/8 is kept valid at T=Tc. Using the definition of p,
which is nearly of the same order as the above value of (=54 X 10-23 cgs. In the following we neglect the weak temperature dependence of f 11 , taking its value at Tc: fll(Tc) = -18X10-1 '(T2 -Tc) = -9.90X10-13 cgs. Then we have 
and the point (r, p) will move on the P-r plane along a straight line parallel to the P-axis from P >O side to P<O side, crossing the C-T, T-0 and 0-R lines at T=Tc, TTo and ToR successively. The experimental value of TTo for BaTi03
1s (see Fig. 3 ) and the corresponding jJ value is from ( 4 · 3)
We can read the corresponding r value on the T-0 line in Fig. 12 as r = 1.15, which leads to the value of ~12 ~12 = r I ~u (T c) I = 1.15 X 10-12 cgs .
This value is very close to the value ~12 = 12 X 10-13 cgs given in ( 4 ·1). Similarly this r gives us jJ0 R = -7.40 on the 0-R line in Fig. 12 , and from ( 4 · 3) ToR = -87.3oC which is to be compared with the experimental value -73cC. For PbTi03, available experimental data are as follows : 18 Since PbTi03 has only one ferroelectric phase, ~12 cannot be determined experimentally. \V e shall fix the value of ~12 later by using the experimental value of ToR for (Ba 1 _xPhr) Ti03 at certain .z:. In order to deduce the properties of the mixed crystal from these parameters, it is necessary to assume a fonn of the free energy for the 1nixecl crystal expressed in terms of those for the constituent substances. The simplest assumption will be to take
It turns out that the formula ( 4 · 6) does not give us satisfactory results quantitatively. We note the fact that in our phenomenological theory the important parameters are jJ=2(x/ls=lll) ((/ls=11 1) and r=s=1z/ls=lll· That is, the phase transitions are characterized only by the reduced quantities x/ I s=11 I, s=1 2/ i s=ll! and (/I s=nl.
Therefore it would be a possible assumption to consider a reduced free energy for mixed crystal such as Then x-depenclences of the coefficients in g are given by Ba (Ti1 _xSnr) 0 3 and Ba (Ti1 _xZrx) 0 3 and find substantial deviation from the old experimental data. It is grateful that their experiment clearly shows the correctness of our theoretical prediction. It should also be noted that in these mixed crystals there appear diffusive features of the phase transition and blur the transition points. § 6. Summary and discussion
I
We have developed a phenomenological theory of successive phase transitions 1n mixed perovskite-type oxides and presented a useful scheme in which, once a set of model parameters for each constituent substance is known, all the possible phases of any binary mixed crystal can be predicted by' the simple calculation at least for the simple case. By the simple case we mean to include only such cases as (A), (B), (I) and (II) described in § 2, reserving the cases (C), (III) and (IV) for more careful studies. The examples of the applications given in § § 4 and 5 show that our scheme seems to work very well for these simple cases.
It would be quite interesting to determ.ine all the sets of model parameters for all substances and compute the phase diagrams of all possible binary mixtures within the simple cases and compare them with experiments.
It will not be difficult to include antiferroelectric substances into our scheme and it is hoped to make such extension of our theory. In fact, Cross has once tried to generalize the Devonshire theory to the antiferroelcctric case in order to discuss the phase diagrams of some antiferroelectric substance. 20 l It will be an interesting problem to clarify phenomenologically why antiferroelectric phases are unstable against mixing other components.
There are several points in our theory to be investigated from the more microscopic point of view. It is not obvious why we should use the free energy of mixed crystal of the fonn ( 4 · 7) instead of ( 4 · 6). In order to give a sound base for this argument, it is desirable to work out a microscopic theory of the anharmonic lattice dynamics in mixed crystals. The reserved case (C) also requires a microscopic consideration. For the case of (1-:r)BaTi03 +xKNb03, for instance, it is expected that a simple-minded application of our theory does not afford any meaningful result. Due to the large difference in the size and nature of the framework atoms and oxygen octahedra, the mixed crystal with intermediate composition reveals very complicated behaviour. On the other hand, for dilute mixtures, both BaTiOrrich and KNb03-rich regions behave quite differently and indicate that the dilute partner substance acts just as an inhibitor of ferroelectric phase transition. Such behaviour will be explained only on the basis of microscopic models.
Thus we have left many problems for future studies. \Ve hope to extend this first step furthermore to construct a systematic and unified theory of successive phase transitions in mixed perovskite-type compounds, by which one can attain deep insights for producing desired properties from desired mixed crystals.
